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In the present paper, we discuss gravitational relaxation scenarios for the electroweak hierarchy
problem. We clearly show that modified gravity theory can naturally relax the electroweak hier-
archy where conformal transformation provides a crucial information about what modified gravity
theories are favored for the electroweak hierarchy. The conformal transformation connects different
theories and rescaling the metric changes the dimensional parameters like the Higgs mass or the
cosmological constant in different frames drastically. When the electroweak scale is naturally real-
ized by dynamical and running behavior of dilatonic scalar field or unknown scaling parameter, the
modified gravity theories could relax the electroweak hierarchy problem. We discuss the theoretical
validity and the phenomenological constraints of the gravitational relaxation models.
I. INTRODUCTION
The electroweak hierarchy problem has been recog-
nized as the most notorious difficulty for the high-energy
physics in the past decades and often rephrased as a prob-
lem of naturalness [1–4]. The naturalness that the low-
energy effective field theory should not be extremely sen-
sitive to the high-energy theory is a theoretical and rea-
sonable presumption. Actually, dimensional parameters
like scalar masses are as large as the ultraviolet (UV) cut-
off scale without involving any special fine-tuning of the
parameters or any symmetry. For the Standard Model
(SM) case, the Higgs boson mass grows up to the UV
cut-off scale MUV by the quadratically divergent quan-
tum corrections 1
δM2H '
α
(4pi)
2M
2
UV, (1)
where δM2H should not be much larger than the observed
Higgs boson mass MobsH = 125.09 GeV [5–7]. The major-
ity of theoretical efforts to solve the Higgs naturalness or
electroweak hierarchy problem assume a TeV-scale new
physics and many models has been proposed, e.g. super-
symmetry, extra-dimensions and compositeness. How-
ever, these prominent proposals has been suffered from
the observed Higgs boson mass MobsH = 125.09 GeV and
the current experimental constraints on new physics.
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1 On the other hand, the cosmological constant problem is more
serious from the viewpoint of the naturalness or hierarchy prob-
lem. The quantum radiative corrections to the vacuum energy
density ρvacuum which is dubbed zero-point vacuum energy en-
larges up to the cut-off scale MUV as follows:
δρvacuum =
1
2
∫ MUV d3k
(2pi)3
√
k2 +m2
=
M4UV
16pi2
+
m2M2UV
16pi2
+
m4
64pi2
log
(
m2
M2UV
)
+ · · · ,
which is much larger than the dark energy 2.4× 10−3 eV in the
current Universe.
Recently, theoretically different approaches to the elec-
troweak hierarchy problem have been explored in Ref.[8–
16] which is based on the cosmological relaxation mech-
anism of Ref.[17] explaining dynamically the smallness
of the cosmological constant. This relaxation mechanism
is based on the cosmological evolution of the Higgs field
and the axion-like field in the inflationary Universe, and
can lead to the naturally small electroweak scale against
the cut-off scale.
In this paper we discuss other relaxation scenarios to
the electroweak hierarchy problem by involving the grav-
itational modification which has been proposed and dis-
cussed somewhat obscurely in Ref.[18–29]. The dilatonic
scalar field non-minimally coupled to the gravity provides
the relaxation of the electroweak hierarchy or cosmolog-
ical constant problem by its dynamical and running be-
havior [18–23]. On the other hand, so-called vacuum en-
ergy sequestering scenario [24–29] which minimally ex-
tends the gravity action with the scaling parameter pro-
poses the relaxation of the current vacuum energy and
recently has been discussed [30–33]. By using the con-
formal transformation or rescaling the metric we clearly
show that the extension of the gravity sector can relax
the electroweak hierarchy. The conformal transformation
connects different gravity theories and rescaling the met-
ric drastically changes dimensional parameters like the
Higgs boson mass or cosmological constant in the differ-
ent frame. We point out that the conformal transforma-
tion provides a crucial information about what modified
gravity theory can naturally relax the electroweak hier-
archy problem. We consider the several gravitational re-
laxation models, and discuss the theoretical validity and
phenomenological constraints.
The layout of this paper is the following: In Section II
we introduce the basic formulation for the gravitational
relaxation scenarios and discuss why the extended grav-
ity theory relax the electroweak hierarchy problem using
the conformal transformation. In Section III we consider
the running gravitational relaxation scenarios where the
quantum equivalence between in the Einstein and Jordan
frames is important. In Section IV we apply the vacuum
energy sequestering for the electroweak hierarchy prob-
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2lem as a example of the gravitational modification. Fi-
nally, in Section V we summarize the conclusion of our
work.
II. GRAVITATIONAL RELAXATION FOR THE
ELECTROWEAK HIERARCHY
In this section, we introduce the gravitational relax-
ation scenario for the electroweak hierarchy problem. We
consider modified gravity theory including the Higgs field
Φ and the dilatonic scalar field χ non-minimally coupled
to the gravity. The classic action is written by
S ⊃ Sgravity + SHiggs. (2)
The action for the gravity sector including the dilatonic
scalar field χ is given by
Sgravity =
∫
d4x
√−g
(
F (χ)R
− G (χ)
2
gµν∇µχ∇νχ− V (χ)
)
,
(3)
The action for the Higgs sector is given by
SHiggs = −
∫
d4x
√−g
(
1
2
gµν∇µΦ†∇νΦ + V
(
Φ†Φ
))
,
(4)
where the (bare) Higgs potential can be written by
V
(
Φ†Φ
)
= Λb +M
2
Φ
(
Φ†Φ
)
+ λ
(
Φ†Φ
)2
, (5)
Now, we assume that the Higgs mass MΦ and the cos-
mological constant Λb are the UV scale to be Λ
1/4
b '
MΦ ' MUV. If there exists exact supersymmetry or
conformal symmetry, such symmetries can force the cos-
mological constant or the Higgs mass parameter to be
smaller than the cut-off scale. However, such symmetries
are always broken in real world and the dimensional pa-
rameters grow in proportion to the breaking scale. Thus,
we eventually encounter the hierarchy problem via the
symmetry breaking scale, and that is the situation in the
standard SUSY models. Generally, it is difficult to pro-
tect the dimensional parameters from both large classical
and quantum corrections of the high-energy physics and
that is the reason why the hierarchy problem is thought
to be serious.
Now, we rescale the metric via the conformal transfor-
mations as follows [34]:
gµν → gµν = Ω2 (χ) gµν , (6)
gµν → gµν = Ω−2 (χ) gµν , (7)√−g →
√
−g = Ω4 (χ)√−g. (8)
The scalar curvature is transformed as follows:
R =
1
Ω2 (χ)
[
R− 6Ω (χ)
Ω (χ)
]
, (9)
where  denotes the covariant d’Alembertian operator
and satisfies,
Ω = gµν∇µ∇νΩ = 1√−g ∂µ
[√−ggµν∂νΩ] . (10)
Thus, the action for the gravity sector can be transformed
as follows:
Sgravity =
∫
d4x
√
−g
(
M2pl
2
R
− G (χ)
2
gµν∇µχ∇νχ− V (χ)
)
,
(11)
where we write down the action in Einstein frame where
the scalar curvature is not multiplied by the scalar field,
and Ω (χ), F (χ), V (χ) and G (χ) are given by
Ω2 (χ) =
2F (χ)
M2pl
, V (χ) =
V (χ)
Ω4 (χ)
, (12)
G (χ) =
G (χ)
Ω2 (χ)
+
6M2pl
Ω2 (χ)
∇µΩ∇νΩ
∇µχ∇νχ + · · · . (13)
where Mpl = 1/(8piG)
1/2 = 2.4×1018 GeV is the reduced
Planck mass and the related Newton’s constant has tight
constraints from the cosmological observations [35, 36].
For the Higgs sector the action is given by
SHiggs =−
∫
d4x
√−g
(
1
2
gµν∇µΦ†∇νΦ
+ Λb +M
2
Φ
(
Φ†Φ
)
+ λ
(
Φ†Φ
)2)
,
(14)
The Higgs field Φ are transformed as
Φ→ H = Ω−1 (χ) Φ, (15)
The Higgs potential is transformed as follows:
V
(
H†H
)
=
Λb
Ω4 (χ)
+
M2Φ
Ω2 (χ)
(
H†H
)
+ λ
(
H†H
)2
. (16)
Note that the action in the SM is conformally invariant
except for the Higgs potential. On the other hand, the
action of the gauge or fermion fields are only rescaled via
the conformal transformations and the couplings are not
changed. As the mathematical manipulation, there are
several metric frames, e.g. Jordan frame (String frame)
and Einstein frame. However, we comment that there is
no consensus about physical equivalence of these frames
over the years [37–44] and one should not determine a
unique physical frame in modified gravity theory.
The modified gravity theory like extra-dimensions or
string theory is often written by Jordan frame. The
conformal transformation from Jordan frame to Einstein
frame suppress the dimensional parameters of the ordi-
nary SM via the scaling parameter. Our set-up is similar
to the Randall-Sundrum model [45] where the large hi-
erarchy is suppressed by the exponential warping factor
3e−krcφ which depends on an addition extra-dimension 2.
In this scenario, the four-dimensional components of the
bulk metric gµν and the four-dimensional physical met-
ric gµν have the relation gµν = e−2krcφgµν where k is
a Planck scale constant and φ is the extra-dimensional
coordinate with the size rc
3. By using the rescaling
physical metric gµν instead of the bulk metric gµν , this
action can be written as,
SHiggs =−
∫
d4x
√
−ge−4krcφ
(
e2krcφ
2
gµν∇µΦ∇νΦ
+ Λb +M
2
Φ
(
Φ†Φ
)
+ λ
(
Φ†Φ
)2)
=−
∫
d4x
√
−g
(
1
2
gµν∇µH∇νH
+ Λ +M2H
(
H†H
)
+ λ
(
H†H
)2)
,
(17)
where H is the transformed Higgs field satisfying the re-
lation H = ekrcφΦ. The Higgs mass parameter MΦ in
the fundamental higher-dimensional theory can be sup-
pressed when measured with the rescaling physical metric
gµν and become the order of the electroweak scale with-
out difficulty as the following,
MH = e
−krcφMΦ (18)
A. Gravitational relaxation models
Let us discuss several gravitational relaxation models.
If we take Ω2 (χ) = M2pl/χ
2 and F (χ) = M4pl/2χ
2, the
transformed Higgs potential is given by
V
(
H†H
)
=
Λb
M4pl
χ4 +
M2Φ
M2pl
χ2
(
H†H
)
+λ
(
H†H
)2
. (19)
where the Higgs mass and cosmological constant are sup-
pressed and screened off from the cut-off scale. Next,
2 The five-dimensional metric in the Randall-Sundrum model
takes the form
ds2 = e−2krcφηµνdxµdxν + r2cdφ
2,
where ηµν is the 4D Minkowski metric.
3 In the Randall-Sundrum model, the four-dimensional action for
the gravity sector is given by
Sgravity ⊃
∫
d4x
∫
dφ 2M3rce
−2krc|φ|√−g R,
where M is the five-dimensional Planck scale and R is con-
structed by the rescaling metric gµν . Ther 4D Planck scale Mpl
can be determined as follows:
M2pl = M
3rc
∫
dφ e−2krc|φ| =
M3
k
{
1− e−2krcpi
}
.
we consider Ω2 (χ) = χ2/M2pl, F (χ) = χ
2/2, the trans-
formed Higgs potential can be written as
V
(
H†H
)
=
M4plΛ
χ4
+
M2plM
2
Φ
χ2
(
H†H
)
+λ
(
H†H
)2
. (20)
which correspond to the screen scenario for the cosmolog-
ical constant by so-called cosmon field [46–49]. When the
classic scalar field or vacuum expectation value (VEV)
become larger and larger χ  1, the Higgs mass or
the cosmological constant are sufficiently suppressed and
asymptotically vanish. Next we consider the specific dila-
ton model [22] where the action can be written as follows:
Sgravity+Higgs =
∫
d4x
√−g
(
M2UV
2
e2χ/ηR− 1
2
gµν∇µχ∇νχ
− λχ
(
χ2 − v2χ
)− 1
2
gµν∇µΦ†∇νΦ
− Λb −M2Φ
(
Φ†Φ
)− λ (Φ†Φ)2).
(21)
where we assume that M is the order of the cut-off scale
to be Λ
1/4
b ' MΦ ' MUV. Let us transform this action
into Einstein frame by rescaling the metric,
gµν =
M2UV
M2pl
e2χ/ηgµν ' M
2
UV
M2pl
e2vχ/ηgµν . (22)
The Higgs mass parameter MΦ can be exponentially sup-
pressed as the following
MH ' MplMΦ
MUV
e−vχ/η (23)
where we can have two approaches and interpretations.
If we regard gµν as the physical metric, the Planck-mass
scale emerges dynamically by the spontaneous symmetry
breaking of the dilaton symmetry as Mpl ' MUVevχ/η.
We can solve the large hierarchy problem by assuming
Λ
1/4
b ' MΦ ' MUV ' MEW where MEW express the
electroweak scale. On the other hand, we can regard gµν
as the physical metric and set MEW ' Mple−vχ/η. This
approach resembles the Randall-Sundrum model and the
simplest possibility of gravitational relaxations although
the quantum gravity effects might appear above the elec-
troweak scale [22]. In these models, the dimensional pa-
rameters like the Higgs boson mass, or even the cosmo-
logical constant are screened off from the cut-off scale.
However, we can not solve both the electroweak hierarchy
problem and the cosmological constant problem at once.
After all we encounter the fine-tuning problem between
the TeV scale and the dark energy although the physical
cosmological constant to be Λ1/4 ' Ω−1 (χ) Λ1/4b 'MEW
might be more or less relaxed. Thus, we must require an-
ther relaxation mechanism for the cosmological constant.
4III. RUNNING GRAVITATIONAL
RELAXATION FOR THE ELECTROWEAK
HIERARCHY
In the previous section, we have discussed how mod-
ified gravity can alleviate the large Higgs mass and the
cosmological constant by using the conformal transfor-
mation. In this section, we discuss the running gravita-
tional relaxation scenario in which we treat the dilatonic
scalar field χ as the quantum field and consider the renor-
malisation group (RG) running behaviors 4.
For simplicity, we consider the action for the Higgs
sector in Jordan frame as follows:
Sgravity+Higgs ⊃
∫
d4x
√−g
(
M4pl
2χ2
R− 1
2
gµν∇µΦ†∇νΦ
− Λb −M2Φ
(
Φ†Φ
)− λ (Φ†Φ)2), (24)
where we assume that the dilatonic scalar χ satisfy
G (χ) = 6M2pl/χ
2
(
2−M2pl/χ2
)
+ · · · , V (χ) = 0. (25)
This set-up is for simplifying our discussion and this ac-
tion is consistent with induced gravity theories [50–63]
Let us perform the conformal transformation Ω2 (χ) =
M2pl/χ
2 and consider the action for the Higgs sector in
Einstein frame
Sgravity+Higgs ⊃
∫
d4x
√
−g
(
M2pl
2
R− 6gµν∇µχ∇νχ
− 1
2
gµν∇µH†∇νH − Λb
M4pl
χ4
− M
2
Φ
M2pl
χ2
(
H†H
)− λ (H†H)2).
(26)
Here, we redefine the scalar field as χ → φ = χ√12 and
obtain the action for the Higgs sector as follows:
Sgravity+Higgs ⊃
∫
d4x
√
−g
(
M2pl
2
R− 1
2
gµν∇µφ∇νφ
− 1
2
gµν∇µH†∇νH − Λb
144M4pl
φ4
− M
2
Φ
12M2pl
φ2
(
H†H
)− λ (H†H)2).
(27)
The transformed Higgs potential can be given by
V
(
H†H
)
= λΛφ
4 + λMφ
2
(
H†H
)
+ λ
(
H†H
)2
, (28)
4 Polyakov proposed that the cosmological constant could be
screened by the IR behavior of quantum gravity and the behav-
ior can be translated by the RG running of the auxiliary gravita-
tional field [18, 19]. The electroweak hierarchy is also discussed
by Ref. [23].
where the Higgs mass parameter and the cosmological
constant become marginal operators with zero scaling di-
mensions and they are fixed at the UV cut-off scale as
λΛ (µUV) =
Λb
144M4pl
, λM (µUV) =
M2Φ
12M2pl
. (29)
The renormalisation group (RG) runnings of λΛ, λM and
λ are determined by the one-loop β-functions [64, 65]
βλΛ =
1
(4pi)
2
[
2λ2M + 20λ
2
Λ
]
, (30)
βλM =
1
(4pi)
2
[
1
2
λM
(
12y2t − 3g′2 − 9g2
)
+4λM (3λ+ 2λΛ) + 4λ
2
M
]
, (31)
βλ =
1
(4pi)
2
[
λ
(
12y2t − 3g′2 − 9g2
)
− 6y4t
+
3
4
g4 +
3
8
(
g′2 + g2
)2
+ 24λ2 + λ2M
]
. (32)
where the one-loop running of the gauge coupling or
the Yukawa coupling are not changed by the conformal
transformation because the actions of the gauge sectors
or the fermion sectors are only rescaled via the confor-
mal transformations. The transformed Higgs potential
has classical conformal symmetry and naturally realize
the electroweak scale via the RG running behavior, i.e.
the radiative symmetry breaking where these theories are
free from the electroweak hierarchy problem (see the ref-
erence [66–69] as the more detailed discussion). Now,
we found out that the classically conformal theory [70]
which solves the electroweak hierarchy problem is closely
related with the modified gravity action of Eq. (27).
Following Polyakov’s arguments [18] it is found that
the RG running effects of the dilaton or graviton would
suppress the Higgs boson mass or cosmological constant
in Eq. (27). Although the equivalence between the quan-
tum theories in the Einstein and Jordan frames is still un-
der debate, f(R) gravity theories in the Einstein and Jor-
dan frame are equivalent on shell at the quantum level.
The (off shell) quantum corrections are ambiguous, but
the equivalence of the effective potential or renormaliza-
tion group equations have been shown (see, e.g. the ref-
erence [71, 72]). Thus, the conformal transformation is
also effective for the RG running effects and the modified
gravity would relax the electroweak hierarchy.
IV. VACUUM ENERGY SEQUESTERING FOR
THE ELECTROWEAK HIERARCHY
In this section, we clearly show that the vacuum energy
sequestering scenario can also be effective against the
electroweak hierarchy problem and discuss the relation
between such a model and previous scenarios. The vac-
uum energy sequestering scenario proposed in Ref.[24–
29] is the simple model to solve the cosmological constant
5problem, and can relax the large discrepancy between the
vacuum energy density from quantum corrections and the
current observed value via the scaling parameter η. This
scenario assumes a minimal modification of general rela-
tivity to make all scales in the matter sector functionals
of the 4-volume element of the Universe. In the context of
this scenario, the Universe should be finite in space-time
and a transient stage with the present epoch of accel-
erated expansion before the big crunch [32], but it has
been shown that these models could be consistent with
the cosmological observation (there are similar models in
the context of the unimodular gravity and more detailed
discussions are given by Ref.[73–81]). The mechanism of
this scenario is almost the same as the previously dis-
cussed one and the unknown scaling parameter η can be
regarded as the VEV of the dilatonic scalar field. The
vacuum energy sequestering scenario is described by the
following action
Sgravity+Higgs =
∫
d4x
√−g
[
M2pl
2
R− Λb − η4L
(
η−2gµν ,Φ
)]
+ σ
(
Λb
η4µ4
)
,
where Λb is the bare cosmological constant and η is
the scaling parameter relaxing the large hierarchy. The
function σ(x) is an adequate function to impose the
global constraints and µ is a parameter with the mass di-
mension. The Lagrangian density L (η−2gµν ,Φ) for the
matter sector couples minimally to the rescaled metric
gµν = η
2gµν and includes the Higgs potential as
L (η−2gµν ,Φ) ⊃ V (Φ†Φ)
= Λb +M
2
Φ
(
Φ†Φ
)
+ λ
(
Φ†Φ
)2
. (33)
The parameter η sets the hierarchy between the physical
scale (the electroweak scale or the dark energy scale) and
the UV cut-off scale MUV. Thus, the Higgs mass param-
eter of the order of the UV cut-off scale are sufficiently
suppressed as
MH
MUV
= η
MΦ
MUV
, (34)
where MH is the observed Higgs boson mass and η  1.
To show more accurately the heart of this mechanism,
we rewrite this action for the Higgs sector by using the
rescaled metric gµν as
Sgravity+Higgs =
∫
d4x
√−g
(
M2pl
2
R− Λb
)
−
∫
d4x
√
−gL (gµν ,Φ) + σ
(
Λb
η4µ4
)
,
(35)
where√
−gL (gµν ,Φ) = √−gη4L (η−2gµν ,Φ) . (36)
The matter Lagrangian is written by the rescaling metric
gµν as
√
−gL (gµν ,Φ) =
√
−g
[
1
2
gµν∇µΦ†∇νΦ
+ Λ +M2Φ
(
Φ†Φ
)
+ λ
(
Φ†Φ
)2]
.
Thus, by using the conformal transformation, the matter
Lagrangian can be written as
√
−gL (gµν ,Φ) = √−gη4L (η−2gµν ,Φ)
=
√−g
[
1
2
gµν∇µH†∇νH
+ η4Λ + η2M2Φ
(
H†H
)
+ λ
(
H†H
)2]
,
where we assume H = ηΦ. Therefore, if the Higgs sector
is sequestered from the gravitational sector via the scal-
ing parameter η  1, the large Higgs mass parameter
can be sufficiently suppressed. The unknown scaling pa-
rameter η can be regarded as the dilatonic scalar field in
the scenarios previously discussed in Section II and Sec-
tion III. Although the cosmological constraints on the
modified gravity theory and the equivalence between the
Einstein and Jordan frames should be carefully consid-
ered, this mechanisms or scenarios would not significantly
change. In this paper we have focused on the possibility
relaxing the electroweak hierarchy and left detail discus-
sion of the limits for a forthcoming work.
V. CONCLUSION AND DISCUSSION
In the present paper, we have discussed the gravita-
tional relaxation scenarios for the electroweak hierarchy
problem which had been discussed somewhat obscurely
in literature. We have clearly shown that the conformal
transformation has an essential role to understand what
modified gravity theory solves the hierarchy problem. If
the electroweak scale is naturally realized by dynamical
and running behavior of dilatonic scalar field or unknown
scaling parameter, the modified gravity theory can relax
the electroweak hierarchy problem. The running grav-
itational relaxation models are closely related with the
classically conformal theory and are theoretically attrac-
tive as suggested by Polyakov’s arguments [18]. Also,
the vacuum energy sequestering scenario can be recog-
nized as the dilatonic suppression. The modified gravity
theory has the possibility of solving the electroweak hi-
erarchy problem, but require specific constraints on the
gravity action with dilatonic scalar fields and it might
provide non-trivial effects on the observed Universe.
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